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ARSTRACT

it Is shown that a certain ‘ ystem of differential equations of

impor tance to the proof of stability of the adaptive ~;vstem proposed in

[I], admi t unbounded solutions. The i~:.~’1ica tIon of this result is that

a much more elaborate argument than ht-r* t ofore thought necessary is

required to prove that the adaptive syster~ of El] is stable, If it is stable

at all.
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In studying the asymptotic behaviour of the adaptive control system proposed

in [1], one encounters equations of the form

• 
n = — n 4  4)(t)6 (1)

= — 4 ) ( t ) n  (2)

(3)

where as in [1], ri,~~,w1 
and 4) are the augmented error , parameter error , auxi]Iary

£
signc l and sensitivity function respectively, of the adaptive system. These

• particular equations result if one assumes (for simplicity) that D (P) =

Df(P) p + 1 and N = 1, where Dm~
D )Df and N arc as defined in [1].

To prove that the adaptive system of [1.] is stable , it is necessary to show

that r~,.5 and w are bounded . Since the structure of the adaptive . system makes it

difficult to deduce very much about 4) unless ri,~ and w
1 
are known apriori to be

bounded , the approach in [1] and elsewhere has been to try to establish the bounded—

ness of ~~~~~ without first assuming that 4) is bounded . To get some idea of ~ .

involved , observe that the time function

a 1 (
2~~ ~2) (4)

satisfies

- 2  
(5)

from which boundedness of ii and ~ directly follow. This and (2) imply that the

output of any stable first—order linear system with input 4) n , Is bounded. It is thus

reasonable to expect that w , the output of a stable first—oiaer linear system forced1

by n4) , will be bounded as well. The following counterexamp ie shows that this is

not the case.
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Proposition: If

4, = 0 + (sIn O)(cos 0) (6)

where

—t 2 6t
0 = e  sin (e ) (7)

then there exists an unbounded solution to (l)—(3).

Since the sensitivity function 4) actually generated by the adaptive system of

[1] is not completely arbitrary , the preceding is not quite a counterexample to

the claim of stability of the adaptive system proposed in [1]. On the other hand ,

the example does imply that a much more elaborate argument involving the differ-

ential equations which generate 4) is required to prove that the adaptive system

is stable, if it is stable at all.

• To prove the prófbsition, first observe from (1), (2) and (7), with

r~(O) 
= sin(sin 1) and ~(O) = cos(~{ñ 1),~

that r = ~ sin 0 where ~ 
= ~ cos U and

—J sin
2 

O (t)dt

~ (t) = e 0 (8)

Hence

4)
2 

4)
2 
sin e (9)

The definition of 0 in (5) implies that

sin 0 ~ 0
2/2 ~ 0 (10)

and that ~
2 
~ e

_2t
; from the last inequality, the trigonometric relation sin

2 e ~ o 2

and (8) it follows that ç(t) ~ c1 ~~
h/2

. This (9) and (10) thus yield

~ c~~
2 sin 0. Using (4) to substitute for 4), we obtain

4)
2 
~ c1 

sin 0(0
2 + 20(sin 0)(cos 0) + (sin2 8)(cos2 0))  (11)
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Now observe that from (5) , 0 + 0 = 6eSt 
sin (2y) where

6t• y e  (12)

4.Hence

e 2 
sin 0 =  (6e

St 
sin 2y)

2 
sin 0 — (200 + 0

2) ( sin 0) (13)

If we now define

b
1 

((sin
2 
0)(cos

2 
0) — 02)sin 0 c

1

• 
(14)

b2 
= (2/3 sin

3 0 + 2(0 cos 0-sin 0))c
1 J 4

then using (11) and (12),

~ C1 sin 0(6e
St 

sin 2y)
2 + b

1 + b2 
(15)

From (10), and then (7) and (12)

sin 0(6e
Stsin 2y)

2 
18 ~

2 
~
l0t 

S~~~
2 
2y

8t . 4 . 2
= iSe (sin y)(sin 2y)

8t 2 2  . 2
= 18e (1—cos y) (sin 2y)

8t 2 2
~ 18e (1—2 cos y)(sin 2y)

St . 2
= — l8e (cos 2y)(sin 2y)

1 2t d 3
= — ~~~e ~-~- (sin 2y)

This and (15) thus show that

4)
2 ~ — C

2 
e~~ ~~ 

(sin 3 2y) + b1 + (16)

where c
2 

= c]/2 > 

0 . 3
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• From the easily verified identities

— fe
31 

~~ (sin
3 2y)dT = _e3t sin

3 2y + ~ fe
3t 

sin
3 21d~

and

3e
3t 

sin3 2y = 3/4 b3 + 1/4 b
3

where

• b3 
e
_3t

(l/3 cos
3 

2y—cos 2y) (17)

it follows that

J

t
e
3T 

~
j-
~

- (sin
3 2y)dt = _e3t sin3 2y + 

~ J0
(3b 3 3 ~~ T

Thus from (16)

2 2t 3
j
e n(i)4 dt ~ — c2 

e sin 2y + b(t) (18)

where

b(t) = - f (3b + b )dT ÷ 
J

t
e
(T_t)

(b +~ )d’
~ 2 j~~ ~ 0 1 2

Since (14) and (17) show that b
1
,b
2 
and b

3 
are bounded , b(t) is a bounded function

as well.

Thus if we take w
1
(t) to be the zero initial condition solution to (3), then

from (18), and (12) •

w1(t) ~ 
— c

2
e
2t
sin

3
(2e

6t
) + b(t).

Clearly v1
(t) is unbounded. 0

REFERENCE

(1] R. V. Monopoli, “Model Reference Adaptive Control with an Augmented Error
Signal,” IEEE Trans. Auto. Control, AC—19 (5), October , 1974, pp. 

474—484.4



-- 

—. 
~~~~~~~ Hmmj. n~~’~~~ ~~~~~~~~~~~~~~~~~~ _________

S E C U R I T Y  CL A S S I F I (  A t  l ) N  O F T I l l 5 ,  PA ’ ,l. (R h e , ,  I Iot . . ? , , Ier . )) 
— _____________ _______________________________________________

REPORT DOCUMENTATION PAGE
I. R E P O R T  NUMBER GOVT ACC ESSION NO. 3 R E C I P I E N T ’ S C A T A L O G  NUM1IER

AFOSR-TB- 7 7 - 1 1 7 2 —

4. TITLE (Ond S,,btltlo) S TYPE OF REPORT A P ERIOD C O V E R E D

A N  U N S T A B L E  J ) Y N A M I C A L  SY’~TEM A SS~~ I A TED
W I  TB M O D E L  R F P E R  ENC F A D A  V1 I V I .  FONT ROL I n t e r im

6 P E R F O R M I N G  ORG. REPORT N U M B E R

__________________________________________________________ 
7702

7. AUT HOR(s)  B. c O N T R A C T  OR G R A N T  NUMBER (S )

~: 
I
~~~rm i sh  AFOSR 77—3176 —

A. S. Morse
S P E R F O R M I N G  O R G A N I Z A T I O N  N A M E  A N D  ADDRESS ‘0. P R O G R A M  ELEMENT. PROJECT TA SI(
Yale University — A R E A  A WORK UNIT  N U M B E R S

Dept of Engineering and A pplied Science • 
-

• 61102 FNew h aven , CT 06520 Li 23014/Al
II . CONTROL L IN QQf FI CE  IIAME A ND ~ QDRt SS 12. REPORT DATE

A i r  Force Otlice 01 5c ient i t i c  i~.esearch/NM M ‘
~~~
‘

Boiling AFB DC 20332 13. N U M B E R  OF PAGES

_____________________________________________________ 6
14 MONITORING AGENCY NAME & A D D R E S S ( i f  dif ferent Iron, Con t ro lli ng Off i ce ) IS. S E C U R I T Y  CLASS.  (of t h i s  report)

U NCLA S S i 1 I F  U
ISa . D E C L A S S I F I C A T I O N  O O W N G RA D I N ~~SCHEDU LE

1 6. D ISTRIBUTION S T A T E M E N T  (of t h i s  Repor t )

Approved for public release; distribution unlimited .

I?. D ISTR IBUT ION S T A T E M ENT (of the abstract  entered in Block 20 , if different Iron, Repor t )

1 5. S U P P L E M E N T A R Y  NOTES 
—

15. KEY W ORDS (Conti nue on reverse side If nec eosa r ~’ and I d e n t i f y  by b lock nim,ber)

• 20. A B S T R A C T  (Confins,e on rev e rs e s/ de // ,,ecesoa rr and Id enti fy by blork n~ mher)
I t  is shown that a cer ta in  system of d i f f e r e n t i a l  equat ions  of impor t ance  to the  proof of
s t a b i l i t y  of the adapt ive  sys tem proposed in (I ) ,  admi t  unbounded so lu t ion s .  The imp ] i c a—
t ion of t h i s  r esu l t  is  tha t  a m u c h  more elaborate a rgumen t  than  heretofore  thought  necessa~ y
is required to prove that  the adap t ive  system of (1) is s table , if it is  stable at a l l ,

DD I j~~~~73 1473 EDITION OF 1 N O V 65 15 O B S O L E T E  I ’ N C L A  S S I F I  I. I )

SF C U R I T Y  CI. A S S I r I C A T op4 O~ tuI ~ P *~;F ti) eo f l a t s  F~’t.’ .f ’

i ‘ ‘_ L~—.•.—L ,__. • • 
- .-

~~— ~~~~~~~~~~~~~~~~~~~~~~~ i~~!i — — - -


